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This paper consists of two parts. In Part I we prove the following: 
THEOREM. Let (R, a) be a henselian couple and let G be an a&e, smooth 
group scheme over R; i.e., G is a functor G: (R-algebra-s) --f (groups) which is 
represented by a smooth R-algebra (also denoted G). Let S be a faithful R-algebra 
which is jkite projective as R-module. Put R = R/a, s = S/as, G = G/aG. 
Then the canonical map 
H’(S/R, G) -+ Hl(S/R, G) 
is bijective. 
Moreover ;f the group scheme G is commutative, then for every n 2 1 all the 
canonical maps 
H”(SIR, G) + H”(S/R, G) 
are isomorphisms. 
Here H”(S/R, G) denotes the Amitsur cohomology of G with respect to 
the covering R + S. 
This theorem is a partial generalization of a result known when R is local 
(see [I, Exp. XXIV, Proposition 8.11, or [2, Theorem 11.71). The proof is 
similar. 
In Section 1 we give some properties of functors and sheaves that we shall 
need in the sequel. 
In Section 2 we prove the theorem in the case n = 1, and in Section 3 for 
any 71 3 1. 
In Section 4 we give two applications, respectively, in the case when S is a 
Galois extension of R and in the case when S is a purely inseparable extension 
of R. 
* This research was done during the academic year 1975-1976, when the author was a 
visitor at Brandeis University, with financial support of the Italian CNR. 
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In Part II we consider the case when the group scheme G is of the form 
Aut(A), where A is an R-algebra (not necessarily commutative or associative) 
which is finite projective as R-module; here Aut(A) denotes the functor: 
(R-alg) + (groups) defined by 
Aut(A)(T) = Aut,&A 8s 7’). 
Precisely, we prove the following: 
THEOREM. Let A be an R-algebra (not necessarily commutative or associative) 
which is finite projective as R-module; suppose that Aut(A) is a smooth group 
scheme over R. If (R, a) is a complete couple (i.e., R is separated and complete 
with respect to the a-adic topology) then the canonical map 
I$(R, Aut(A)) --) El,:@, Aut(A)) 
is bijective. 
Remember that IIit(R, Aut(A)) classifies the isomorphism classes of R- 
algebras A’ s.t. A’ OR S e A OR S for some faithfully flat &ale R-algebra S, 
i.e., the twisted forms of A split by some covering of R in the &ale topology 
(see [5, Chap. II, Sect. 81). As an application we deduce some properties of 
complete couples. 
All the rings and algebras are supposed to be commutative and with 1, 
unless otherwise specified. 
As for the notion of henselian couple see [3]. All the notions we do not define 
can be found in [4]. 
I 
1. In this section we recall some useful facts about functors and sheaves. 
DEFINITION 1. Let F: (R-alg) + (sets) be a functor. We say that F is a 
sheaf if 
(a) F commutes with finite products; 
(b) for every R-algebra S and every faithfully flat R-morphism S + T, 
the sequence 
F(S) -F(T) =z F(T OS T) 
is an exact sequence of sets. 
PROPOSITION 1. Let F: (R-alg) + (sets) be a sheaf and let S be a faithfully 
flat R-algebra. Let F,: (S-alg) -+ (sets) be the inducedfunctor. If F, is representable 
by a smooth S-algebra then F is representable by a smooth R-algebra. 
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Proof. Suppose that (A, 6) represents F, with 6 E F,(A). Consider the two 
extended S @a S-algebras S OR A and A OR S and the two elements t1 E 
Fs~,dS @R A) and & ~~~~~~~~ @R 9; since both (S @R 4 &;), (A @R S, 6,) 
represents FSORS , there exists a unique isomorphism 8: (S 0, -4, fr) + 
(A @a S, t2); it is easy to see that 0 is a descent datum for the S-algebraA, 
hence there exists an R-algebra B s.t. B OR S ‘v A and such that c” coincides 
with the canonical isomorphism S OR (B @JR S) 3 (B @R S) @JR S. Hence, in 
the sequence 
F(B) --+ F(B 8~ s) =S F(B @R s @R 8) 
the images of 5 EF(B @JR S) in F(B OR S OR S) coincide; hence 5 is the 
image of an element o E F(B) and it is easy to see that the natural transformation 
induced by o between the two functors Hom,.&B, -) and F is an isomorphism. 
This proves that F is representable. Moreover it is known that the smoothness 
descends by faithfully flat morphisms. (see [4, Chap. I, Sect. 3, Lemma 1.4; 
7, Corollary 17.7.31). 
PROPOSITION 2. Let F, G: (R-alg) + (sets) be two functws and let v1 , y2: 
F 3 G be two morphisms. Consider the kernel K = kernel(F =$ G). If F, G are 
representable by two R-algebras of finite presentation, then K is representable 
by an R-algebra of finite presentation. 
Proof. Let A, B be the two algebras that represent F, G, respectively; the 
morphisms vpl , ~a induce two morphisms $~r , &: B =f A. Let I be the ideal 
of A generated by the elements of the form 4,(b) - z,h2(b), b E B and let C = A/I; 
it is clear that C represents K; now let x1 ,..., X, generate B as R-algebra; then 
1 is generated by &(xJ - $a(~~), i = I,..., t; hence is a finite-generated ideal 
of A; then C is of finite presentation as R-algebra. 
PROPOSITION 3. Let S be a faithful R-algebra which is finite projective as 
R-module. Let G be an R-algebra of finite presentation. Consider the functor 
Cn: (R-alg) --f (sets) defined by 
C”(A) = Horn,-&G, S @a S @R **. @a S @a A). 
n+1 
Then C.‘” is represented by an R-algebra of jinite presentation. 
Proof. It is easy to see that C” is a sheaf. Hence by Proposition 1 we can 
suppose S free as R-module. S @R 1.. OR S is also a free R-module, hence 
we can assume n = 0. Let ei , i = I,..., t be a basis for S and let 
G = R[X, ,...> &l/(fi ,..., fJ = RF, , . . . . x,1. 
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Let q~ E CO(A) and put p(xJ = Cj aiiej , i = I,..., Y, aij E A. In order to deter- 
mine the relation satisfied by the Q’S, write Cj Yijej with Yii indeterminates. 
We have f,(C Yijej) = Ck g,,( Y)e, , h = I ,..., s, with g,, polynomial over R 
in the r x t indeterminates Yij . Hence if we put 
B = R[ . . . . Yii ,... ]/( . . . . g,, ,... ), i = I ,..., r; j, h = I)..., t; h = I,..., s, 
it is easy to see that B represents C”. 
2. We will often use the following property of henselian couples. 
THEOREM 1. Let (R, a) be a henselian couple and let G be a smooth R-algebra; 
then the canonical map 
Hom,.,l,(G R) - HomR-,l,(G, R/a) 
is surjective. 
Proof. See [6, Theorem 1.81. 
THEOREM 2. Let (R, a) be a henselian couple and let S be a faithfully flat 
R-algebra. Let G be an a@ne, smooth group scheme ovey R; then the canonical map 
Hl(S/R, G) --f Hl(S/R, G), 
is injective, where # = R/a, S = S/as, ~7 = G/aG. 
Proof. We know that Hl(S/R, G) 1 c assifies the isomorphism classes of 
principal homogeneous spaces (“torseurs” in french terminology) under G 
over R which are split by S (see [4, Chap. III, Sect. 41). 
Let F, F’ be two such G-functors and consider the functor L: (R-alg) -+ (sets) 
defined by 
L(A) = Isom cA-mctorsoversdF~ , FA’). 
It is not difficult to see that L is a sheaf and we have, for every S-algebra B 
L(B) = ISomGa-functorBover~(F~ , FE’) = IsomGs-functorsover~(G~, G) = G(B), 
hence L, is representable by G, which is a smooth S-algebra; by Proposition 1 
it follows that L is representable by a smooth R-algebra and applying Theorem 1 
we have the theorem. 
THEOREM 3. Let (R, a) be a hmelian couple and let S be a faithful R-algebra 
which is jinite projective as R-module. Let G be an a&e, smooth group scheme 
over R. Then the canonical map 
-- - 
HI(S/R, G) -+ Hl(S/R, G) 
is surjective, where R = R/a, S = S/as, G = G/aG. 
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Proof. Consider the functor 
2’: (R-alg) + (sets), 
defined by 
F(A) = Z1(S OR A/A, G OR A), 
where Z1(S OR A/A, G OR A) denotes the set of 1-cocycles in the complex 
W OR 4 rG(S@,S@,A)s 'WORSORSORA); 
i.e., Zi(A) is the kernel of the two maps 
G(SORSOR4 $2 G(SORSORSORA), 
13 
where Loi = G(Q OR lA) and l i: S @R S -+ S OR S OR S inserts 1 in the ith 
position. 
By Propositions 2 and 3 we have that Z1 is represented by an R-algebra of 
finite presentation. We have only to show that this algebra is smooth. In other 
words, we have to show that, if A is an R-algebra and I is a nilpotent ideal 
of A, the canonical map 
Z1(A) --+ Zl(A/I), 
is surjective. This is a consequence of the following theorem. 
THEOREM 4. Let A be a ring, I a nilpotent ideal of A, B a faithfully jlat 
A-algebra. Let G be an afine smooth group scheme over A; then the canonical map 
ff1(B14 G) -+ fWW,, G,), 
is bijective, where A,, = A/I, B, = B/IB, GO = G/IG. 
Proof. See [l, Lemma 81.8, p. 4041. 
Now we show how to deduce from Theorem 4 that the map Zl(A) -+ Zl(A/I) 
is surjective. Put B = A OR S and let .%E Zl(A/I); by Theorem 4 there exist 
x’ E D(A) and 6’ in G(B/IB) s.t. 6,‘.?‘6,’ = s where %’ is the image of z’ in 
Zl(A/I) and 6,‘, 6%’ are the images of 6’ in G(B/IB @A B/IB) under the two 
maps BjIB 3 B/IB @A B/IB. 
Since G is smooth there exists b E G(B) whose image in G(B/IB) is 6’, hence 
blz’bZ E Z1(A) has its image in Zl(A/I) is equal to %. 
Remark. If G is an affine, smooth commutative group scheme over A then 
Theorem 4 holds for H”(B/A, G), every n > 1, as is easily seen from the proof. 
Moreover, with the same proof as the one given here one can show that Z” 
is representable by a smooth R-algebra for all n >, 1. 
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3. In this section we prove the following theorem. 
THEOREM 5. Let (R, a) be a henselian couple and let S be a faithful R-algebra 
which is finite projective as R-module. Let G be a smooth, afine, commutative 
group scheme over R. Then for every n > 1 the canonical map 
H”(SIR, G) -+ H”(SIR, G), 
is an isomorphism, where i? = R/a, s = S/as, c = G/aG. 
Proof. Define a functor G*: (R-alg) --f (ab groups) by 
G*(A) = G(A/aA). 
We have H”(S/R, G*) = H”(S/R, G) for n 3 0. Since for every n > 1 
(S OR ... OR s, a SBR...@aS) 
n n 
is a henselian couple [8, Chap. XI, Sect. 2, Proposition 21 and since G is smooth, 
the canonical map 
G(S@...@S)+G*(S@...@S) 
n n 
is surjective, hence we have an exact sequence of cochain complexes 
0 + C”(SIR, K) + Cn(S/R, G) + C”(S/R, G*) + 0, 
where K is the kernel of the morphism G + G*. We deduce a long exact 
sequence 
0 -+ K(R) --+ G(R) -+ G*(R) -+ Hl(S/R, K) -+ Hl(S/R, G) + ... 
hand it is enough to prove the following theorem. 
THEOREM 6. Under the hypotheses of Theorem 5, we have 
Hi(SIR, K) = 0 
foreveryi> 1. 
Proof. Consider the functors Ci, Zi defined by 
C(A) = Ci(S OR A/A, G OR A), Zi(A) = Zi(S OR A/A, G OR A); 
we have seen in Section 2 that Ci and Zi are representable by smooth R- 
algebras, respectively, Bi, Di. 
481/47/x-'0 
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The coboundary map d: Ci -+ Zi+l induces an R-morphism d’: Di+’ + Bi; 
let z E Zi(S/R, K) C Zi(S/R, G); z is an R-morphism a: Di -+ R s.t. the com- 
position Di + R - R/a is the zero element in Zi(R/a). For every R-algebra A 
let i: R ---f A be the canonical morphism and consider the set F(A) = 
d(A)-l({i 0 a}), i.e., the inverse image of i 0 z E Zi(A) under the map d(A): 
C’-l(A) - Zi(A). F(A) consists of the R-morphisms a’: Bi-l + A s.t. Z’ c d’ = 
i o a. Consider the tensor product 
z 
t t 
Di d’ 
- Bi-I 
It is easy to see that T = R @oi Bi-l represents F. To show that T is a smooth 
R-algebra, it is enough to show that d’: Di 4 Bi-l is smooth. Since Bi-l is 
of finite presentation over R it is easy to see that Bi-l is of finite presentation 
over Di; hence we have to prove that if we have a commutative square 
Di --6...+ Bi-1 
with I nilpotent ideal of A, there exists an R-morphism Bi-l --f A s.t. the 
two triangles commute. This is equivalent to saying that if a E Zi(A) and 
b E C’-l(A/I) are such that db = 3 (a = image of a in Zi(A/I)) then there 
exists c E Ci-‘(A) s.t. c = 6, dc = a. In fact since a is a coboundary, by 
Theorem 4, there exists e E Ci-l(A) s.t. de = a; consider d(F - b) = dc - db = 0, 
hence since Die1 is smooth there exists a cocycle g E Zi-l(A) s.t. g = F - b, 
hence e - g E C’-l(A) is such that d(e - g) = de = a and 2 - g = b. 
In order to prove our theorem we want a morphism a’: T -+ R s.t. T -& 
R + R/a that is the zero element of Ci-‘(R/a) which we know is in F(R/a): 
in fact in this case we have z’ E C?l(S/R, K) since the sequence 0 -+ 
Ci-l(S/R, K) -+ P1(S/R, G) + Ci-‘(S/R, G*) -+ 0 is exact. But since T is a 
smooth R-algebra, the existence of z’ follows from Theorem 1. 
4. In this section we give some applications of Theorem 5. 
Suppose first that S is a Galois extension of R with group r (see [5, Chap. II, 
Sect. 51). We have the following theorem. 
THEOREM 7. Let S be a Galois extension of R with group r and let G: 
(R-alg) ---f (groups) be a functor which commutes with jinite products. Dejke on 
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G(S) a r-action by u(x) = G(a)(x) for x E G(S), 0 E r. Then there is a natural 
bijection (compatible with the natural transformations of G) 
H”(S/R, G) % H”(r, G(S)) 
for n = 0, 1, where the right-hand side denotes the usual group cohomology of r 
with values in G(S). 
If G is commutative then we have an isomorphism 
H”(S/R, G) r H’“(r, G(S)) 
for all n > 0. 
Proof. For G commutative (see [5, Chap. V, Proposition 1.61); the non- 
commutative case can be proved in a similar way. 
COROLLARY 1. Let (R, a) be a henseliun couple, S a Gulois extension of R 
with group lY Let G be an @ine, smooth group scheme over R. Then we have a 
bijection 
H’(I’, G(S)) r; Hl(J’, G(S)), 
where ,!? = S/as. If G is commutative we have an isomorphism 
H”(I’, G(S)) z H”(r, G(S)) 
for every n > 1. 
Proof. First we observe that G commutes with finite products. Also we have 
that S is a Galois extension of R with group l? 
COROLLARY 2. Let (R, u) be a henselian couple, S a Gulois extension of R 
with group r. Let G be an afine, smooth, commutative group scheme over R. Then 
there is an isomorphism 
w, G(S)) 2 qr, G(S)), 
where &(r, M) denotes thegroup of group extensions of M by r (see [9, Chap. XIV, 
Sect. 41). 
Proof. In fact &(r, M) ?? H2(I’, M) ( see [9, Chap. XIV, Sect. 4, Theorem 
6.11). In particular consider the functor U: (R-alg) -+ (ab-groups) given by 
‘U(A) = {a E A 1 a is unit}; we have the following. 
COROLLARY 3. Let (R, a) be a henseliun couple and let S be a Gulois extension 
of R with group r. Then there is an isomorphism 
Hn(r, U(S)) 3 Hyr, U(S)) 
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for every n 3 1. In particular for every n = 2 we have an isomorphism 
fqr, U(S)) 2 &(I-, U(S)). 
Now we consider the following situation. Let R be a ring (commutative 
and with 1) of characteristic p > 0, p prime, and let 
S = R[X, ,..., X,]/(X,n - a, ,..., &r’ - a,), a, ,..., a, E R. 
Let g be the p-Lie algebra which is a free R-module with basis g, ,..., g, and 
is such that either the Lie product [ , ] or the p-power@] are zero. S can also 
be considered as a p-Lie algebra in which [ , ] = 0 and x[pl = x”, x E S. 
We have also a g-action on S as follows: g, is the p-derivation on S s.t. gixj = & , 
where xi is the residue of Xi in S. In [ll] we proved the following theorem. 
THEOREM 8. Suppose Spec R connected and let G be an afine smooth group 
scheme over R. Then we have 
H”(S/R, G) = 0 for n > 3. 
Moreover, if R does not contain nonzero nilpotent elements of exponent p, we have 
an isomorphism 
H2(S/R, G) Y H2(g, Lie G @a S) N b(g, Lie G @a S), 
where &(g, nt) is the group of p-Lie algebra extensions of ltt by g (see [I I] for the 
definitions of H2(g, m) and d(g, m)). 
Hence we have the following corollaries. 
COROLLARY 4. Let (R, a) be a henselian couple and let S, g be as before. 
Suppose Spec R connected and suppose also that R has no nonzero nilpotent 
elements of exponent p. Then if G is an ajine smooth group scheme over R we have 
an isomorphism, 
d(g, Lie G @JR S) 3 &(& Lie G OR S), 
where g I= g/ag, S = S/as. 
COROLLARY 5. Let (R, a) be a henselian couple and let S, g be as before. 
Suppose Spec R connected and suppose also that R has no nonzero nilpotat 
elements of exponent p. Then we have an isomorphism 
cqg, S) rv b(ij, S). 
Proof. Take G = U the group of units. We have Lie G = R. 
AFFINE GROUP SCHEME OVER HENSEL RINGS 147 
II 
For the rest of the paper the letters R, S, T,... will denote commutative 
rings with 1; the letters A, B,... will denote R-algebras not necessarily com- 
mutative or associative. 
I. In this section we recall some properties of the functor Aut(A). 
PROPOSITION 1. If ,4 is an R-algebra which is finite projective as R-module, 
then Aut(A) is an afine group scheme over R of finite presentation. If in addition 
A is an etale R-algebra then Aut(A) is also smooth. 
Proof. As for the first statement (see [4, Chap. II, Sect. 1, n. 2.61). Now 
let T be an R-algebra and I a nilpotent ideal of T. It is known that, if A is 
&ale over R, the canonical map 
HomT-,& OR T, A OR T) - How-,Ig(A OR T/I, A OR T/I) 
is bijective (see [7, Theorem 18.1.21). N ow since A OR T is a finite projective 
T-module it is easy to see that q~ A OR T+ A OR T is an isomorphism if 
and only if 9): A OR T/I - A OR T/I is an isomorphism. 
2. In this section we prove a theorem about the twisted forms of an 
R-algebra A. 
THEOREM I. Let A be an R-algebra which is fkite projective as an R-module 
and suppose Aut(A) smooth. Then for an R-algebra B the following are equivalent. 
(a) B is a twisted form of A split by some faithfully flat morphism. 
(b) The functor Isom(B, A): (R-alg) - (sets) defined by 
T H Isom,.,&3 OR T, A @JR T) 
is represented by a faithfully flat smooth R-algebra. 
(c) The morphism of functors 
Isom(B, A) -+ eR 
where eR(T) = Hom,+&R, T) = t se with only 1 element, is an epimorphism 
of sheaves in the e’tale topology. 
(d) B is a twisted form of A split by some faithfully flat e’tale morphism. 
Proof. (a) => (b): Suppose B OR S N A OR S for some faithfully flat 
morphism R -+ S. Since the extended functor 
Isom(B, A)S N Aut(A), 
is represented by a faithfully flat smooth S-algebra, by Part I, Proposition 1, 
Isom(B, A) is represented by a faithfully flat smooth R-algebra; in fact it is 
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easy to see that Isom(B, A) is a sheaf (in the sense of Part I, Definition 1, i.e., 
a sheaf in the f.f.q.c. topology). 
(b) 3 (c). We have to prove that, if R -+ S is a faithfully flat smooth 
morphism, the morphism of functors 
HomR-,lg(S, -) - Horn,-,& -> = eR 
is an epimorphism of sheaves in the &ale topology, i.e., for any R-algebra T 
there exists an f.f. &ale morphism T -+ T’ and an R-morphism S -+ T’. 
We will use the following two lemmas. 
LEMMA 1. Let C be any category. If f, g are epimorphism, f 0 g is an epi- 
morphism. Vice versa, if f 0 g is an epimorphism, f is an epimorphism. 
Proof. Obvious. 
LEMMA 2. Let S, ---f Ti be R-morphisms (i = l,..., n). Then if 
HomR.,lg(Ti , -1 - HomR-,&$ , -) 
is an epimorphtim of sheaves in the itale topology for i = I,..., n, the same is 
true for 
HomR.,lg(n Ti , -> - HomR(n 4 , -1. 
Proof. Let S = n Si - T be an R-morphism and consider Si as T; by 
the hypothesis there exists an f.f. &ale morphism Si OS T -+ Ti s.t. the square 
Ti - Ti’ 
t t 
Si - Si OS T 
commutes. 
Taking the products we have a commutative diagram 
: 
t t 
Si d Si OS T 
t t 
l-pi FT - 
It is easy to see that T + nTi’ is an f.f. &ale morphism. 
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Now come back to our f.f. smooth morphism R + S. 
By definition of smooth morphism for any x E Spec S there exists an affine 
open Spec UC Spec S, an integer n and an Ctale R-morphism 
F: R[t, ,..., t,] --f U 
with ti ,..., t, indeterminate5 over R. 
We can choose a finite number U, ,..., U, of U’, s.t. S + n U, is f.f. and by 
Lemma 1 it is enough to prove our implication for the morphism R + n Ui . 
Since the map Spec IJ Ui + Spec R is open and surjective for any y E Spec R 
there exists an Ui and anf E R s.t. y E Spec R, C Im Ui , so the map Spec( UJr + 
Spec R, is surjective. Hence we have a finite number fi ,...,f? E R generating 
the unit ideal and indexes ii ,..., i,. s.t. the map Spec(Ui,),j - Spec R,, is I 
surjective forj = I,..., Y. 
From the diagram 
we see by Lemmas 1 and 2 that it is enough to prove our implication for the 
map Rfj - (U&j . 
Hence we are reduced to the case where we have an &tale R-morphism 
?: R[t, . .. t,] + S. 
Consider S @R[tj T where R[t] = R[t, **. t,J and T is considered as R[t]- 
algebra via the morphism R[t] + R sending tr H O,..., t, E+ 0. 
S ORIt] T is &ale over T since S is &ale over R[t]. Moreover, since both 
Spec(R @R~tl R) + Spec R 
and 
Spec S -+ Spec R 
are surjective, 
Spec(S ORIt] R) --+ Spec R 
is also surjective and hence 
Spec(S ORIt T) ---f Spec T 
is surjective. 
So we have proved (b) => (c). 
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(c) Z= (d). For T = R we have that there exists an f.f. &ale R + U s.t. 
Isomu.,&3 OR U, A OR U) # ~3 
(d) => (a) obvious. 
COROLLARY 1. Under the hypotheses of Theorem 1, the natural map 
f-W, AuW) - %.w.(R ANA)) 
is bijective. 
3. In this section we prove the result announced in the Introduction. 
First we prove a proposition. 
PROPOSITION 2. Let a be an ideal of R with a C rad R and RlaR = a ---f s, 
an dale faithfully flat morphism. Then there exists an itale faithfully $at R- 
algebra T s.t. T = T/aT dominates s, i.e., such that the morphism R + T factors 
through a -+ 3. 
Proof. By [8, Chap. V, Sect. 1, Theorem I], for every q E Spec S there 
exist h E R - p, k E S - q, p = q n R s.t. 
with J, g E R,[X], 3 manic. 
The K’s generate the unit ideal in S and since S is faithfully flat over R 
the h’s generate the unit ideal in R. Take a finite number of K’s which generate 
the unit ideal in S and s.t. the corresponding t?s generate the unit ideal in R. 
Lift the 21’s and the polynomials J, g and consider 
h 
where f’ is the derivative off. It is easy to see that T satisfies the required 
conditions. 
THEOREM 2. Let (R, a) be a complete couple. Let A be an R-algebra which 
is$nite projective as R-module and suppose Aut(A) smooth. Then the canonical map 
H,‘(R, Aut(A)) -+ Ht,(B, Aut(A)) 
is bijective. 
Proof. By Part I, Theorem 2, we have to prove only the surjectivity. 
First we suppose R noetherian. Let R be a twisted form of 2 split by some 
f.f. &ale R 4 S. By Proposition 2 we can suppose that there is an Ctale f.f. 
R-algebra S s.t. SjaS N S. Put S, = S/an.9 and R, = R/a”. 
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By Part I, Theorem 4, we have R,-algebras B, s.t. Bi BRj R N_ B and 
isomorphism of S,-algebras 
yi: Bi @Ri S< N A @R Si. 
Since Aut(A) is smooth we can suppose that qi induces QJ-~ for all i. Put 
B=lhB,, S’ =: lim si , 9 =ZZ lim ‘pi a 
We have 
~KB&S’+A@~S 
and S’ is an f.f. R-algebra. In fact S’ is the completion of S with respect to 
the aS-adic topology or also the completion of S1+as with respect to the 
a&*,,- adic topology; but S,,, is noetherian, hence s’ is f.f. over S,,, which 
is f.f. over R since a C rad R. 
Now we pass to the general case. We have the following lemma. 
LEMMA 3. Let (R, a) be a complete couple. Then (R, a) is a direct limit of 
complete couples (Ri , a,), i E I s.t. Ri is noetherian for all i E I. 
Proof. Put R = lim Ri’ with Ri’ C R, Ri’ noetherian. The inclusion 
(Ri’, Ri’ n a) --f (R, a), 
induces a morphism 
(Ri, a:) ---f (R, a), 
where (Rz, ai) is the completion of (Ri’, Ri’ n a). It is easy to see that the 
(Ri , ai) = Im(RR,“, ai) satisfy our requirement. 
Going back to our theorem we have R = lint Ri with Ri noetherian and 
fT =lbi?, =l&RJa,. 
Let R be a twisted form of 2 split by some f.f. &ale R-algebra S. 
As before we can suppose that there exists an f.f. &ale R-algebra S s.t. 
S/as N S. 
Since S is of finite presentation over R there exist an index iO and an Rio- 
algebra S, s.t. R @ai, S,, N S. Put S, = S,, @aiD R, for OL > iO ; we have 
S =lh~-~ S, . By [7, Proposition 17.7.8, and Part 3, Proposition 8.10.51 we can 
suppose S,, &ale f.f. over Ri . 
We can also suppose that:here exist an Rio-algebra A,, s.t. A II A, aRiO R, 
an Rio-algebra i?a s.t. B N & ORi 8, and an isomorphism of &-algebras 
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By what we already proved we have an Rio-algebra B,, and an isomorphism 
of S-algebra 
~OR~~S-UZ~R,~S 
for some f.f. morphism Rio -+ S; tensoring over Rio by R, we have what we 
want. 
4. As an application of Theorem 2 we obtain two known properties 
of complete couples. 
COROLLARY 2. Let (R, a) be a complete couple. Then the canonical map 
AZ(R) + Az(R/a) 
is bijective, where AZ(R) denotes the set of isomorphism classes of Azumaya 
R-algebras. 
Proof. Put A = M,(R), i.e., the full matrix algebra over R of degree n. 
We can see [12, Proposition 41 that Aut(A) is smooth. Moreover, it is known 
that every Azumaya algebra is split by a covering in the &ale topology [5, 
Chap. III, Theorem 6.61. 
COROLLARY 3. Let (R, a) be a complete couple. Then the canonical map 
Et(R) -+ Et(R/a) 
is bijective, where Et(R) denotes the set of isomorphism classes of Jinite btale 
R-algebras. 
Proof. Put 
A = R x ..a x R. 
n 
By Proposition 1, Aut(A) is smooth. Moreover, every finite &ale R-algebra 
is split by a covering in the &ale topology [5, Chap. III, Theorem 4.71. 
5. In this section we consider the case of the orthogonal group. 
Let N be an R-module. We say that Y: N -+ R is a quadratic form if 
(a) r(Xx) = X%(X), x E N, h E R, 
(b) the map f: N x N -+ R defined by f(x, y) = Y(X + y) - Y(X) - u(y) 
is bilinear. 
Equivalently Y is a quadratic form if 
(a’) r(hx + w) = h2+) + ~~0) + Mx + r> - 4.44 - &4y), 
(b’) ~(3 + y + 4 = T(X + Y> + Y(Y + 4 + + + 4 - 44 - r(y) - 44 
for all x, y, z E N, /\, p E R. 
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Now let iV = Rzn = R’” x R” and let g(z) = xlyl + ... $ x,y, where 
= =y (Xl ,..., x, 9 Yl ,..., yn) E A? Let D,, be the R-functor in groups defined by 
~2nU’) = Autr(Tzn, g OR T), 
i.e., D2JT) is the group of automorphisms of the quadratic T-module 
vzn, g OR T). 
It is known [4, Chap. III, Sect. 5, Proposition 2.31 that D,, is a smooth 
affine group scheme over R. We want to prove the following: 
THEOREM 3. Let (R, a) be a complete couple. Then the canonical map 
is bijective. 
Proof. We observe that H&(R, D,,) classifies the isomorphism classes of 
quadratic R-modules (N, r) s.t. (N OR S, r OR S) % (Szn, g OR S), (see 
[4, Chap. III, Sect. 5, n. 21) for some &tale f.f. morphism R + S. 
Hence we can prove the theorem in a way similar to that by which we proved 
Theorem 2. 
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